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Ω ⊂ Rd b d = 2, 3 d Û A69M*A8ADJzAd8Ad_*¿!A¿!=Z_°À*\qÄ/85769:>=Z_bz57_=ZÂAd_h57_*f¿!=Z_/_*A!¿d6A!fHAd6:<_
Rd
ð:<69MÂ/:>A!¿!Adð:>HAH9QÁ=¬=Z69M÷:<Â*H¿M/:<69; Û =ZÄ/_*f*5789GCdDE/57_*fÃY>Ad6




¾3M*AÂ/8= Û Y>AdQõf/AdÂAd_*f/H=Z_69M*AJz=ZY<Y>=eð:<_/\Ãf*5765kV5Â/8A!H¿d89: Û A!ff°:>H9Â/Yg5Z¿!AdQÁAd_¬6BÙ.A!¿d6=Z8







b(t) · v dx +
∫
ΓN
tN (t) · v da, t ∈ [0, T ],
f/AdÂAd_*f°:<_/\@=Z_ Û =If°GÁJz=Z8¿!Af/Ad_*H9:<69:>A!H
b : Ω× [0, T ] −→ Rd
57_*f6985Z¿d69:>=Z_Jz=Z8¿!Af/Ad_*H9:<69:>A!H













λ, µ > 0
Ö`/Ä/8969M*Ad89QÁ=Z8AqE,ðNAh¿!=Z_*H9:>f/Ad8SQa576Ad89:g57Y>HÁðM/:>¿M257Y<Y>=eð1Jz=Z8S:<_*f/AdÂAd_*f/Ad_¬6Á:<_°À*_/:<6A!H9:<Qa57Y
QS:>¿d8=Z8=Z65769:>=Z_*H





Sym(d) = {τ ∈ Rd,d : τT = τ} Ö²WXA¢M5!Ù.A69M*A
=Z8969M*=Z\.=Z_57Y<:<6G8AdYg5769:>=Z_
A¯ : τ = 0, A¯ ∈ so(d), τ ∈ Sym(d) ,
ð:<69Mi8A!HÂA!¿d6Ã6=X69M*Ac:<_/_*Ad8@Â/8=If°Ä*¿d6




A,B ∈ Rd,d Ö"`c=Z8A!=PÙ.Ad8eE
ðNAñÄ*HAâ69M*Añ_*=Z89Q |B| = √B : B 57_*fi69M*A¨f/A!¿!=ZQSÂ=qH9:<69:>=Z_ B = sym(B) + skew(B) ð:<69M
sym(B) = 12(B +B
T )
57_*f














































φ : Sym(d) −→ R ,
f/Ad6Ad89QS:<_/:<_/\ﬂ69M*AB¿!=Z_^Ù.ADã@HAd6








φ(τ ) = |dev(τ )| −K0 J]=Z8%5Ã\q:<Ù.Ad_X¿!=Z_*H9657_¬6
K0 > 0
Ö^Ad8AqE
dev : Sym(d) −→ Sym(d) :>Ha69M*AâÂ/8=7ö9A!¿d69:>=Z_ª=Z8969M*=Z\.=Z_57Y6=ß69M*Ac:>H=Z698=ZÂ/:>¿
=ZÂAd8576=Z8 1




( 1dI ⊗ I) : τ = 1d tr(τ )I
E(:xÖ	AqÖ<EVðNA¢M5!Ù.A
dev = 11 − 1dI⊗ I
E:xÖﬁAqÖ<E











 (»°·P½¦¹ﬁ¶i¹1h·  î½]¶(¶t½R·8AP½4 AC!·e¹*C!·P½¦¼¡%¹o8^¸S°·¢à¹ºU ´
WXA¨ð357_^6h6=
f/Ad6Ad89QS:<_*A%f°:>HÂ/Yg5Z¿!AdQÁAd_^6H










σ : Ω× [0, T ] −→ Rd,d ,
b]H9U.Adð3ÕH9GIQSQÁAd6989:>¿:<_°À*_/:<6A!H:<Qa57Y£d3QS:>¿d8=Z8=Z65769:>=Z_*H








Λ: Ω× [0, T ] −→ R
H5769:>H'J]GI:<_/\S69M*AA!HHAd_¬69:g57Y Û =ZÄ/_*f*5789G¢¿!=Z_*f°:<69:>=Z_*H
u(x, t) = uD(x, t), (x, t) ∈ ΓD × [0, T ] ,
A¯(x, t) = A¯D(x, t), (x, t) ∈ ΓD × [0, T ] ,
69M*A¿!=Z_*H969:<69Ä/69:<Ù.A8AdYg5769:>=Z_
σ(x, t) = 2µ
(









−divσ(x, t) = b(x, t), (x, t) ∈ Ω× [0, T ] ,
σ(x, t)n(x) = tN (x, t), (x, t) ∈ ΓN × [0, T ] ,
−µL2c∆A¯(x, t) = µc
(
skew(Du(x, t)) − A¯(x, t)), (x, t) ∈ Ω× [0, T ] ,
















TE(x, t) = 2µ
(
sym(Du(x, t)) − εp(x, t)
)






= 0, Λ(x, t) ≥ 0, φ(TE(x, t)) ≤ 0, (x, t) ∈ Ω× [0, T ] . b¦d
^Ad8A57_*fa:<_@69M*AJ]=ZY<Y>=Pð:<_/\*E¬J]=Z8





































































































E(Du, A¯, εp) = µ
∫
Ω








| skew(Du)− A¯|2 dx + µL2c
∫
Ω









Vh ⊂ C0,1(Ω,Rd) Û A5
À*_/:<6AAdY>AdQÁAd_^6H9Â5Z¿!AqE57_*fHAd6
Vh(uD) = {v ∈ Vh : v(x) = uD(x) J]=Z8 x ∈ Dh},
ðM*Ad8A
Dh ⊂ ΓD :>H69M*AHAd6=7JL57Y<Y_*=¬f*57YÂ=Z:<_^6HB=Z_ ΓD Ö
í_57Y>=Z\.=ZÄ*HY<G.E/Y>Ad6
Wh ⊂ C0,1(Ω, so(d)) Û A57_*=Z69M*Ad8À*_/:<6A%AdY>AdQÁAd_^6BHÂ5Z¿!AqE*57_*fY>Ad6









Ξh ⊂ Ω Û Aaú¬Ä5Zf°85769Ä/8AÃÂ=Z:<_¬6HÁ57_*fàY>Ad6 ωξ Û AÃ¿!=Z898A!H9Â=Z_*f°:<_/\¨ú¬Ä5Zf°85769Ä/8AÃðNAd:<\qM^6HSHÄ*¿M
69M576 ∫
Ω
v ·w dx =
∑
ξ∈Ξh
ωξ v(ξ) ·w(ξ) , v,w ∈ Vh .
WXAVHAd6
Λ = {Λ: Ξh −→ R} E Σh = {τ : Ξh −→ Rd,d} 57_*f Eph = {τ : Ξh −→ sl(d)∩Sym(d)}
E
ðM*Ad8A
sl(d) = {τ ∈ Rd,d : tr(τ ) = 0} :>H369M*A÷:>A%57Y<\.A Û 85S=7J	6985Z¿!ADÕzJ]8A!AQa576989:>¿!A!HeÖ
\_=ZÄ/8_*=Z65769:>=Z_69M*A:<_^6Ad\q857Yt:>HÄ*HA!f57Y>H=SJ]=Z869M*AÀ*_/:<6AﬂH9Ä/QÁH∫
Ω
σ : ε dx :=
∑
ξ∈Ξh







u : [0, T ] −→ Vh ð:<69M u(t) ∈ Vh(uD(t)) J]=Z8 t ∈ [0, T ],
QS:>¿d8=Z8=Z65769:>=Z_*H





t ∈ [0, T ],
H9698A!HHA!H
σ : [0, T ] −→ Σh,
Â/Yg5ZH969:>¿H69857:<_*H
εp : [0, T ] −→ Eph,
Â/Yg5ZH969:>¿QﬂÄ/Y<69:<Â/Y<:>Ad8
Λ: [0, T ] −→ Λ,
H5769:>H'J]G¬:<_/\S69M*A¿!=Z_*H69:<69Ä/69:<Ù.A8AdYg5769:>=Z_
σ(ξ, t) = 2µ
(
sym(Du(ξ, t)) − εp(ξ, t)
)
+ λdiv(u)(ξ, t)I + 2µc(skew(Du)(ξ, t)− A¯(ξ, t))
J]=Z8
(ξ, t) ∈ Ξh × [0, T ] b¦Ä*H9:<_/\ σ(ξ, t) := σ(t)(ξ) J]=Z8 σ(t) ∈ Σh dDE°69M*AA!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú^Ä5769:>=Z_*H∫
Ω








skew(Du(t)) − A¯(t)) : B¯ dx, t ∈ [0, T ], B¯ ∈Wh(0)
b¦ðM*Ad8A
DA¯ ·DB¯ = ∑ijk ∂iAjk∂iBjk dDE°69M*A¾[=Pðò89Ä/Y>A
d
dt




, (ξ, t) ∈ Ξh × [0, T ] ,
f/AdÂAd_*f°:<_/\@=Z_
TE(ξ, t) = 2µ
(
sym(Du(ξ, t))− εp(ξ, t)
)











= Û 657:<_*A!f Û G¢5Áf/A!¿!=ZQSÂ=qH9:<69:>=Z_
0 = t0 < t1 < · · · < tN = T
=7J	69M*A69:<QÁA:<_^6Ad89Ùq57Y57_*f69M*A Û 5Z¿UIð,578fÀa(Ä/Y>Ad8H¿M*AdQÁA5k(Jz=Z8
n = 1, 2, 3, ...
E69M*A_*ADãI6:<_*¿d8AdQÁAd_¬6































skew(Dun(ξ))− A¯n(ξ)), ξ ∈ Ξh , bÁAd
69M*AA!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú¬Ä5769:>=Z_*H∫
Ω



















, ξ ∈ Ξh ,
f/AdÂAd_*f°:<_/\a=Z_















γn = 2µ(tn − tn−1)Λn ∈ Λ E°:xÖ/AqÖ<E/69M*A¾[=eð 89Ä/Y>AM5ZH69M*AJz=Z89Q
































) ≤ 0, γn(ξ)φ(T nE(ξ)) = 0, γn(ξ) ≥ 0, ξ ∈ Ξh , bÅ Û d
σn(ξ) = T nE(ξ) + λdiv(u
n)(ξ)I + 2µc
(
skew(Dun(ξ))− A¯n(ξ)), ξ ∈ Ξh, bÅZ¿d∫
Ω








































PK : Sym(d) −→ K Û AV69M*A3=Z8969M*=Z\ZÕ
=Z_57YLÂ/8=7ö9A!¿d69:>=Z_§=Z_^6=h69M*AÁ¿!=Z_^Ù.ADãàHAd6%=7J5Zf°QS:>HH9: Û Y>AaH9698A!HHA!H
K = {τ ∈ Sym(d) : φ(τ ) ≤ 0}
ð:<69Ma8A!H9ÂA!¿d6V6=%69M*A_*=Z89Q |τ | = √τ : τ Ö?=Z6A69M576 0 ∈ K b]H9:<_*¿!A φ(0) < 0 dDÖtWXA5ZHH9Ä/QÁA69M576
φ
:>HH9QÁ=¬=Z69MJ]=Z8














Ñ (T, γ) ∈ Sym(d)× R Ç ¸ É ² Æ¾Î¾ÎrÏtÊÓ Ð ÓDÉÆdÈ
0 = T − θ + γDφ(T ) , bÐq5d
0 ≥ φ(T ), γφ(T ) = 0, γ ≥ 0. bÐ Û d
ÑÒ¬1ÓÓÔM¯3¾3M*A¿!=Z_*H969857:<_¬6QS:<_/:<QS:<;P5769:>=Z_âÂ/8= Û Y>AdQ
T ∈ Sym(d) : 1
2























|θ − PK(θ)|2 ,
J]=Z8













ÑﬁÎqÏ ψK(·) Ì Ó Í Ç Ñ± Æ´ µ Ñ Ç Ñ Ê Ñ ÆxÅ Î É Ì± Æ µ ÎZÑÚO· Æ ²IÎ{± Æ












) ≤ 0, θ ∈ Sym(d), η ∈ K . b9¤8¦d
\_*HAd8969:<_/\ b9¤8Úd(\q:<Ù.A!H
DψK(θ)[η] = θ : η−DϕK(θ)[η] = PK(θ) : η E¬57_*fSð,A= Û 657:<_@J¦8=ZQÛb9¤8¦d
J]=Z8
θ,η ∈ Sym(d)
ψK(θ)− ψK(η)−DψK(η)[θ − η]
= PK(θ) : θ − 1
2
PK(θ) : PK(θ)− PK(η) : η + 1
2
















DψK(η)[θ−η] ≤ ψK(θ)−ψK(η) EZ:xÖZAqÖ<E DψK :>HQÁ=Z_*=Z6=Z_*A57_*f69M*Ad8ADJ]=Z8A ψK :>H	¿!=Z_^Ù.ADãÖ
`:<_57Y<Y<G.E*H9:<_*¿!A






















0 = T − θ + γ dev(T )|dev(T )| ,





























2 + 2K0 |dev(θ)| −K20
)








m(s) = max{0, s} 57_*f¢Ä*H:<_/\
∂m(s) =
 1 s > 0[0, 1] s = 0
























)− dev(θ)|dev(θ)| ⊗ dev(θ)|dev(θ)|) .
`*=Z869M*A%H9ÂA!¿d:g57Y¿M*=Z:>¿!A
m′(s) ∈ ∂m(s) f/ADÀ*_*A!f Û G
m′(s) =
{
1 s > 0




C(θ) ∈ ∂PK(θ) Jz=Z869M*A¿!=Z_*H9:>H6Ad_^6657_/\.Ad_¬6Bf/ADÀ*_*A!f Û G
C(θ) =
{
11 |dev(θ)| ≤ K0 ,
1
dI⊗ I + K0|dev(θ)|
((
11− 1dI⊗ I
)− dev(θ)|dev(θ)| ⊗ dev(θ)| dev(θ)|) |dev(θ)| > K0 .
p¬:<_*¿!A













m(·) 57_*f69M*Ad8ADJ]=Z8A PK :>HHAdQS:[ÕH9QÁ=¬=Z69McH5769:>H'J]G¬:<_/\
sup
A∈∂PK(θ+δτ )























ξ ∈ Ξh , b9¤#ÁAd
:xÖ/AqÖ<E
T nE(ξ) = θ

























































































skew(Dun)− A¯n) : B¯ dx, B¯ ∈Wh(0) . b9¤8Â Û d
ÑÒ¬1ÓÓÔM¯J\_*HAd8969:<_/\a÷AdQSQa5O¦ð,A= Û 657:<_hf°:<8A!¿d69Y<G¢69M576ZbÅq5d EbÅ Û d3:>HA!ú^Ä/:<Ùq57Y>Ad_^66=










+ λdiv(un)(ξ)I + 2µc
(

















































































| skew(Du)− A¯|2 dx + µL2c
∫
Ω

















































































Vh ⊂ V 57_*f
Wh ⊂ W EðM*Ad8A V = H10 (Ω,Rd)
57_*f








‖v‖ ≤ C0 ‖Dv‖, v ∈ V , b9¤8Åd






‖div v‖2 + ‖ curl v‖2
)






‖div(v)‖2 + ‖ curl(v)‖2 = ‖ tr(Dv)‖2 + ‖ skew(Dv)‖2 . b¦5Úd






























































b[(u, A¯), (v, B¯)] = λ
∫
Ω








skew(Du)− A¯) : ( skew(Dv) − B¯) dx
:<_*f°Ä*¿!A!HB5Á¿!=¬Ad8¿d:<Ù.Aﬂú^Ä5Zf°85769:>¿J]=Z89QÖ¹\_*HAd8969:<_/\ ‖ skew(Du)− A¯‖2 ≥ (1 − α) ‖ skew(Du)‖2 +
(1− 1α) ‖A¯‖2 ,
ð:<69M
α ∈ (0, 1) GI:>AdY>f/H6=Z\.Ad69M*Ad8ð:<69M¥b9¤8Ðd
b[(u, A¯), (u, A¯)] ≥ λ ‖div(u)‖2 + 2µL2c‖DA¯‖2






≥ λ ‖div(u)‖2 + µL2c‖DA¯‖2
























µc ∈ (0, µ]


















ψK(·) :>H¿!=Z_^Ù.ADãE b[·, ·] :>H¿!=IAd8¿d:<Ù.AÁ57_*f `n[·] :>HY<:<_*Ae578eÖ`:<_57Y<Y<G.Eð,A
WhL$uﬀR5v1wIxuM=lHQ?(w1FﬀuMXy@uMTzWM=y?AR{WMLw1u1|	;AR{WMLwIxE]EouVL$L$?UTWAwyH7uMXM?(R ç&ç
= Û 657:<_69M*A%5ZHHAd8969:>=Z_J¦8=ZQ




b[(u, A¯), (u, A¯)]− `n(u)
≥ 2µcc4
(‖Dv‖2 + ‖DA¯‖2)− 1
4µcc4





































































































































(un, A¯n) ∈ V ×W =7JL69M*A%:<_*¿d8AdQÁAd_¬657Y(Â/8= Û Y>AdQ :<_â69M*Aﬂ¿!=Z_°Õ
69:<_^Ä*=ZÄ*HBH9Â5Z¿!A!HADã°:>H96HeE°H5769:>H'J]GI:<_/\
DInincr(u































µc ∈ (0, µ] Ölp¬:<_*¿!A Inincr(·)
:>H%Ä/_/:[Jz=Z89QSY<Gà¿!=Z_¬Ù.ADãß57_*fà:<_*HAd8969:<_/\
b¦5¦d Eb¦SÁAd Eb¦5Ãd,\q:<Ù.A!H
µcc4 ‖(un − unh, A¯n − A¯nh)‖2V×W
≤ DInincr(un, A¯n)[un − unh, A¯n − A¯nh]−DInincr(unh, A¯nh)[un − unh, A¯n − A¯nh]
= −DInincr(unh, A¯nh)[un − vh, A¯n − B¯h]
= DInincr(u
n, A¯n)[un − vh, A¯n − B¯h]−DInincr(unh, A¯nh)[un − vh, A¯n − B¯h]
≤ ‖DInincr(un, A¯n)−DInincr(unh, A¯nh)‖V×W ‖(un − vh, A¯n − B¯h)‖V×W























































































































































































































´  hº	»¸¹1ÊU ¹o·  zUC!·e¹C*ŁC!·P½¦¼h%¹o8^¸S°·OX¹ºA
¾3M*AÄ/_/:[J]=Z89Q1¿!=Z_¬Ù.ADãI:<6GÃ57_*fÃ69M*ABÀ*_/:<6AAdY>AdQÁAd_¬6¿!=Z_^Ù.Ad89\.Ad_*¿!AA!H969:<Qa576Af/Ad89:<Ù.A!fÃ:<_¢69M*AÂ/8AdÙI:>=ZÄ*H
HA!¿d69:>=Z_âf/Ad6Ad89:>=Z8576A%:<_69M*AY<:<QS:<6













skew(Dun)− A¯n) 57_*f ∫Ω σn : Dun dx = `n[un] Ö(?=eðE!bÅZAd57_*f∫
Ω
skew(σn) : Dun dx =
∫
Ω
skew(σn) : (skew(Dun)− A¯n) dx +
∫
Ω















































skew(σn) : Dun dx−
∫
Ω

















skew(σn) : Dun dx−
∫
Ω



















|θn − PK(θn)|2 = PK(θn) : θn − 1
2
|PK(θn)|2






tr(σn)I : Dun =
1
2µ+ 3λ









skew(σn) : skew(σn) dx + 2µL2c
∫
Ω




















skew(σn) : Dun dx−
∫
Ω


















skew(σn) : Dun dx−
∫
Ω




































































| skew(σ)|2 dx + µL2c
∫
Ω
|DA¯|2 dx . b¦Ä5d
p¬657_*f*578fh¿e57Y>¿dÄ/Y<Ä*H:<_¿!=Z_^Ù.ADãc57_57Y<G°H9:>HGI:>AdY>f/H69M*AJ]=ZY<Y>=Pð:<_/\aY>AdQSQa5°Ö
Ëg©1ª¾ª7«å¤8Ú¯7ùÆ!É
εn−1p ∈ L2(Ω,Sym(3)) ·(Ì
É
















































DA¯n ·DB¯ dx =
∫
Ω











τ ∈ L2(Ω,Sym(3)) : τ ∈ K 5°Ö*AqÖ	:<_ Ω,
∫
Ω




¸ ηn ∈ Kn Æ&´ Ì ÓdÉ¦Ó µ · Æ ²IÎ{± Æ


























n), A¯n) ≥ 0 ÖV¾A!H969:<_/\Áð:<69M B = A¯n ðNA%= Û 657:<_J¦8=ZQæbº5Úd
2µL2c ‖DA¯n‖2 ≤ ‖ skew(σn)‖ ‖A¯n‖ ≤ C1 ‖ skew(σn)‖ ‖DA¯n‖ ,










Kn 6= ∅ E*5&Ä/_/:>ú¬Ä*Af°Ä57YH=ZY<Ä/69:>=Z_h=7J	ÂAd8'J]A!¿d6Â/Yg5ZH69:>¿d:<6G σn0 ∈ Kn
f/ADÀ*_*A!f Û G








0 − τ ] ≤
∫
Ω
(σn0 − τ ) : εn−1p dx, τ ∈ Kn
bºSÁAd
ð:<69M69M*AHG¬QSQÁAd6989:>¿ Û :<Y<:<_*Ae578J]=Z89Q










tr(σ) tr(τ ) dx .
?=eðE/ð,AH969Ä*f°GÃ69M*AY<:<QS:<6
µc −→ 0 Ö
êë©oÓ¬V©1ªû¤8¦¯Qú
¸ ηn ∈ Kn Æ&´ Ì ÓDÉ¦Ó µ · Æ ²IÎ5± Æ
lim
µc−→0






























σˆn ∈ L2(Ω,Sym(3)) ÖVWXAM5!Ù.A σn
µjc
∈ K 57_*f69M*Ad8ADJz=Z8A σˆn ∈ K 5°Ö/AqÖ(:<_ Ω Ö(`â=Z8A!=eÙ.Ad8eE/Jz=Z8
v ∈ V ð,A= Û 657:<_J]8=ZQýb¦5Ðd57_*fbº¤d∫
Ω








































− τ ) : εn−1p dx .
bº5Ãd
4	5ZHH9:<_/\Á6=S69M*AY<:<QS:<6G¬:>AdY>f/H






)] ≤ d[σˆn, τ ] +
∫
Ω






























)− σn0 , sym(σnµjc)− σ
n




















− σn0 ) : εn−1p dx
−d[sym(σn
µjc










)− σn0 , sym(σnµjc)− σ
n
0 ] = 0 .
¾3M/:>HÂ/8=eÙ.A!HB69M*A5ZHHAd8969:>=Z_cH9:<_*¿!A





































































































































































































































































































































x ∈ D 57_*f A¯n,0(x) = A¯nD(x)
J]=Z857Y<Y










T n,kE (ξ) = θ
n,k(ξ)−max {0, |dev(θn,k(ξ))| −K0}ηn,k(ξ)





F n,k[v, B¯] =
∫
Ω








skew(Dun,k)− A¯n,k) : B¯ dx .
\J ‖F n,k‖ :>HH9Qa57Y<YAd_*=ZÄ/\qMEﬁHAd6 un = un,k E A¯n = A¯n,k E










n := n+ 1
:<_ypﬀ¤dDÖ
pAÁAdaK,=ZQSÂ/Ä/6AJ]=Z8AdÙ.Ad89G¢:<_¬6Ad\q85769:>=Z_hÂ=Z:<_^6
ξ ∈ Ξh 69M*A¿!=Z_*H:>H96Ad_^6Y<:<_*Ae5789:<;P5769:>=Z_
Cn,k(ξ) =
{
11 |dev(θn,k(ξ))| ≤ K0
1
dI⊗ I + K0|dev(θn,k(ξ))|
((
11− 1dI⊗ I




an,k[(w, C¯), (v, B¯)] = 2µ
∫
Ω













DC¯ ·DB¯ dx .
pÂdaK,=ZQSÂ/Ä/6A
(wn,k, C¯n,k) ∈ Vh(  )×W (0) H=ZY<ÙI:<_/\S69M*AY<:<_*Ae578Ùq5789:g5769:>=Z_Â/8= Û Y>AdQ
an,k[(wn,k, C¯n,k), (v, B¯)] = −F n,k[v, B¯], (v, B¯) ∈ Vh(  )×Wh(0) ;
HAd6
un,k+1 = un,k + wn,k+1
E
A¯n,k+1 = A¯n,k + C¯n,k+1
E°57_*f@\.=ﬂ6=ﬂ69M*AB_*ADã°6N:<6Ad85769:>=Z_H96AdÂ
























¾3M*A\.A!=ZQÁAd6989G257_*fù69M*A Û =ZÄ/_*f*5789Gù¿!=Z_*f°:<69:>=Z_*HÃ578A:<Y<Y<Ä*H9698576A!fá:<_ `:<\*Ö7¤5kY>Ad6
Ω = (0, 10) ×
(0, 10) \B1(10, 0)[mm2] Û A5&ú^Ä57896Ad8=7JL5ﬂ8A!¿d657_/\qY>Að:<69Mh5M*=ZY>AqÖ(¾3M*A0m:<89:>¿M/Y>Ad6Bf*5765S5789:>H9:<_/\
Û GH9GIQSQÁAd6989G¢578A\q:<Ù.Ad_ Û G
u1(10, x2) = 0, A¯(10, x2) = 0, x2 ∈ (1, 10),
u2(x1, 0) = 0, A¯(x1, 0) = 0, x1 ∈ (0, 9) ,
57_*f69M*AY>=.5Zf¢J]Ä/_*¿d69:>=Z_57Y\q:<Ù.Ad_ Û G
`(t,v) = 100 t
10∫
0
v(x1, 10) dx1 .
f/AdÂAd_*f/HY<:<_*Ae5789Y<GÃ=Z_h69M*AY>=.5Zf°:<_/\ÁÂ57857QÁAd6Ad8

























¦5Ú5Ã5Ð5Ú5Ú°Ö Ú5ÚhÜ?	QSQ 2 Þ
GI:>AdY>fH9698A!HH
K0
















µ = E/(2(1 + ν))
57_*f
λ = Eν/((1 +








Y>AdÙ.AdY ¤ ¦ º Á Â Ã
Ä/_/UI_*=eð_*H º5¦5ÃÄ ¤8¦5ÃÄ{Â Á(Ð5Ð5¦5º ¤8Ð5Å¤#ÁAÄ Ä{Å5Ð5Â5ÚÄ º¤8Â¤8ÅÄ{Â
h  1.48 0.78 0.40 0.20 0.10 0.05
u2(z0, 1)
Ú°Ö Ú5ÚSÁ(Ã5Â5º5º Ú°Ö Ú5ÚSÁ(Ã5Â5Â5Ú Ú°Ö Ú5ÚSÁ(Ã5Â5ÂSÁ Ú°Ö Ú5ÚSÁ(Ã5Â5Â5Â Ú°Ö Ú5ÚSÁ(Ã5Â5Â5Ã Ú°Ö Ú5ÚSÁ(Ã5Â5Â5Ã
u2(z0, 3)
Ú°Ö Ú¤#Á(Ú5¦¤8Ú Ú°Ö Ú¤#Á(Ú5¦5Ð5Â Ú°Ö Ú¤#Á(Ú5º¤Ä Ú°Ö Ú¤#Á(Ú5º5¦SÁ Ú°Ö Ú¤#Á(Ú5º5¦5Â Ú°Ö Ú¤#Á(Ú5º5¦5Â
u2(z0, 4)
Ú°Ö Ú¤8Ð5Ú5Å5Ã5Ã Ú°Ö Ú¤8Ð¤8Ú5Ã5Ã Ú°Ö Ú¤8Ð¤5¤8¦SÁ Ú°Ö Ú¤8Ð¤5¤8º5Å Ú°Ö Ú¤8Ð¤5¤#Á(¦ Ú°Ö Ú¤8Ð¤5¤#Á(º
u2(z0, 4.25)
Ú°Ö Ú5¦5Ú5ÅSÁ(º¤ Ú°Ö Ú5¦5Ú5Å5Ð5Â5¦ Ú°Ö Ú5¦5Ú5Ð¤8Ú5Â Ú°Ö Ú5¦5Ú5Ð¤#Á(Â Ú°Ö Ú5¦5Ú5Ð¤8Â5Â Ú°Ö Ú5¦5Ú5Ð¤8Â5Å
u2(z0, 4.5)
Ú°Ö Ú5¦SÁ(Ú5Â5Ã5Ã Ú°Ö Ú5¦SÁ(º¤8ºSÁ Ú°Ö Ú5¦SÁ(º5Ð5Ã5º Ú°Ö Ú5¦SÁ5Á¤8Ð5Ú Ú°Ö Ú5¦SÁ5Á(¦SÁ(Ð Ú°Ö Ú5¦SÁ5Á(¦5Ã5º
u2(z0, 4.73)











z0 = (10, 10)
T Jz=Z8f°:[CAd8Ad_¬6Y>=.5Zf/HeÖ
Y>AdÙ.AdY ¦ º Á Â
∆t  = 1.0
Ú°Ö Ú5¦SÁ(º¤8º5Â Ú°Ö Ú5¦SÁ(º5Ð5Ã5º Ú°Ö Ú5¦SÁ5Á¤8Ð5Ú Ú°Ö Ú5¦SÁ5Á(¦SÁ(Ð
∆t  = 0.5
Ú°Ö Ú5¦SÁ(º¤8º5Â Ú°Ö Ú5¦SÁ(º5Ð5Ã5º Ú°Ö Ú5¦SÁ5Á¤8Ð5Ú Ú°Ö Ú5¦SÁ5Á(¦SÁ(Ð
∆t  = 0.25
Ú°Ö Ú5¦SÁ(º¤8ºSÁ Ú°Ö Ú5¦SÁ(º5Ð5Ã5º Ú°Ö Ú5¦SÁ5Á¤8Ð5Ú Ú°Ö Ú5¦SÁ5Á(¦SÁ(Ð
∆t  = 0.125
Ú°Ö Ú5¦SÁ(º¤8ºSÁ Ú°Ö Ú5¦SÁ(º5Ð5Ã5¦ Ú°Ö Ú5¦SÁ5Á¤8Å5Ð Ú°Ö Ú5¦SÁ5Á(¦SÁ(Å
∆t  = 0.0625



































Ä/69:>=Z_X=7JL69M*AÁK,=qHHAd8576BQS:>¿d8=Z8=Z65769:>=Z_*H |A¯| J]=Z8 µc = µ :>H¿!=ZQSÂ578A!fíb]=Z_
8ADÀ*_*AdQÁAd_^6¢Y>AdÙ.AdYÁAd&ð:<69M 69M*Ah¿!=Z_^69:<_¬Ä/Ä/Q 8=Z65769:>=Z_*H






































µc ∈ [0, µ] Ö ¾3M*A
f°:>H9Â/Yg5Z¿!AdQÁAd_¬6
u = (u1, u2)
:>H%AdÙq57Y<Ä576A!fß576ﬂ69M*AaÂ=Z:<_^6
z0 = (10, 10)
T Ö_`*=Z8 t < 4.5
69M*Ad8Aa:>H
_*Ae5789Y<G¢_*=SH9:<\q_/:[À¿e57_^6f°:[CAd8Ad_*¿!A%:<_69M*AH=ZY<Ä/69:>=Z_*HeÖ
µc/µ u2(z0, 1) u2(z0, 3) u2(z0, 4) u2(z0, 4.4) u2(z0, 4.6)
¤ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5¦ Ú°Ö Ú¤8Ð¤5¤8º Ú°Ö Ú5¦5¦5Â5Å5Ã Ú°Ö Ú5¦5Å¤8¦5º
Ú°Ö¤ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5¦ Ú°Ö Ú¤8Ð¤5¤#Á Ú°Ö Ú5¦5¦5Â5Ð5¦ Ú°Ö Ú5¦5Å¤8Â5Å
Ú°Ö Ú¤ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5¦ Ú°Ö Ú¤8Ð¤5¤Ä Ú°Ö Ú5¦5¦5Ã5Ú5Å Ú°Ö Ú5¦5Å5¦5Ã5¦
Ú°Ö Ú5Ú¤8Ã Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5º Ú°Ö Ú¤8Ð¤5¤8Ð Ú°Ö Ú5¦5¦5Ã5º5º Ú°Ö Ú5¦5ÅSÁ(Â5Ú
Ú°Ö Ú5Ú5Ú5Å Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5º Ú°Ö Ú¤8Ð¤8¦5Ú Ú°Ö Ú5¦5¦5ÃSÁ¤ Ú°Ö Ú5¦5Å5Â5¦Ä
Ú°Ö Ú5Ú5ÚSÁ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5º Ú°Ö Ú¤8Ð¤8¦5Ú Ú°Ö Ú5¦5¦5ÃSÁAÄ Ú°Ö Ú5¦5Å5Â5Ð5¦
Ú°Ö Ú5Ú5Ú5¦ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5º Ú°Ö Ú¤8Ð¤8¦¤ Ú°Ö Ú5¦5¦5Ã5Â5¦ Ú°Ö Ú5¦5Å5ÃSÁ¤
Ú°Ö Ú5Ú5Ú¤ Ú°Ö Ú5ÚSÁ(Ã5Â5Â Ú°Ö Ú¤#Á(Ú5º5º Ú°Ö Ú¤8Ð¤8¦¤ Ú°Ö Ú5¦5¦5Ã5Â5Â Ú°Ö Ú5¦5Å5ÃÄ{º




µc −→ 0 69M*A%f°:>HÂ/Yg5Z¿!AdQÁAd_^6AdÙZ57Y<Ä576A!fñ57669M*A%Â=Z:<_¬6 z0 = (10, 10)T
ð:<69M
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